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ON WEAKLY 1-ABSORBING PRIME IDEALS
Suat Koc¸, U¨nsal Tekir, and Eda Yıldız
Abstract. This paper introduce and study weakly 1-absorbing prime ideals
in commutative rings. Let A be a commutative ring with a nonzero identity
1 6= 0. A proper ideal P of A is said to be a weakly 1-absorbing prime ideal
if for each nonunits x, y, z ∈ A with 0 6= xyz ∈ P, then either xy ∈ P or
z ∈ P. In addition to give many properties and characterizations of weakly
1-absorbing prime ideals, we also determine rings in which every proper ideal
is weakly 1-absorbing prime. Furthermore, we investigate weakly 1-absorbing
prime ideals in C(X), which is the ring of continuous functions of a topological
space X.
1. Introduction
Throughout the paper, we focus only on commutative rings with a nonzero
identity and nonzero unital modules. Let A will always denote such a ring and
M denote such an A-module. The concept of prime ideals and its generalizations
have a significiant place in commutative algebra since they are used in understand-
ing the structure of rings. Recall that a proper ideal P of A is said to be a prime
ideal if whenever xy ∈ P for some x, y ∈ A, then either x ∈ P or y ∈ P [3].
The set of all prime ideals and all maximal ideals will be denoted by Spec(A) and
Max(A), respectively. Also, reg(A) and u(A) always denote the set of all regular
elements and the set of all units in A. The importance of prime ideals led many
researchers to work prime ideals and its generalizations. See, for example, [6], [4]
and [12]. In 2002, Anderson and Smith in [1] defined weakly prime ideals which
is a generalization of prime ideals and they used it to study factorization in com-
mutative rings with zero divisors. A proper ideal P of A is said to be a weakly
prime if 0 6= xy ∈ P for each x, y ∈ A implies either x ∈ P or y ∈ P. It is clear
that every prime ideal is weakly prime but the converse is not true in general. For
instance, let k be a field and A = k[X,Y ]/(X2, XY, Y 2). Then P = (X,Y 2) is a
nonzero weakly prime that is not prime. Afterwards, Badawi,in his celebrated pa-
per [5], introduced the notion of 2-absorbing ideals and used them to characterize
Dedekind domains. Recall from [5], that a nonzero proper ideal P of A is said to be
a 2-absorbing ideal if xyz ∈ P implies either xy ∈ P or xz ∈ P or yz ∈ P for each
x, y, z ∈ A. Note that every prime ideal is also a 2-absorbing ideal and P = 6Z is an
example of 2-absorbing ideal that is not prime in Z, which is the ring of integers.
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The notion of 2-absorbing ideal has been focus of attention for many researchers,
and so many generalizations of 2-absorbing ideals have been studied. See, for exam-
ple, [8], [16] and [13]. Afterwards, Badawi and Darani in [7] defined and studied
weakly 2-absorbing ideals which is a generalization of weakly prime ideals. A proper
ideal P of A is said to be a weakly 2-absorbing ideal if for each x, y, z ∈ A with
0 6= xyz ∈ P, then either we have xy ∈ P or xz ∈ P or yz ∈ P. Recently, Yassine
et al. defined a new class of ideals, which is an intermediate class of ideals between
prime ideals and 2-absorbing ideals. Recall from [17] that a proper ideal P of A is
said to be a 1-absorbing prime ideal if for each nonunits x, y, z ∈ A with xyz ∈ P ,
then either xy ∈ P or z ∈ P. Note that every prime ideal is 1-absorbing prime and
every 1-absorbing prime ideal is 2-absorbing ideal. The converses are not true. For
instance, P = 6Z is a 2-absorbing ideal of Z but not a 1-absorbing prime ideal and
also P = (0) is a 1-absorbing prime ideal of Z4 which is not prime. Our aim in this
paper is to introduce and study weakly 1-absorbing prime ideal. A proper ideal
P of A is called a weakly 1-absorbing prime ideal if for each nonunits x, y, z ∈ A
with 0 6= xyz ∈ P, then either xy ∈ P or z ∈ P. Among other results in this paper,
in Section 2, we investigate the relations between weakly 1-absorbing prime ideal
and other classical ideals such as weakly prime ideals, weakly 2-absorbing ideals,
1-absorbing prime ideals (See, Example 1-6). Also, we investigate the behaviour of
weakly 1-absorbing prime ideals under homomorphisms, in factor rings, in rings of
fractions, in trivial extension A ⋉M, in cartesian product of rings (See, Theorem
2, Theorem 3, Theorem 4, Theorem 9 and Theorem 10). We give various counter
examples associated with the stability of weakly 1-absorbing prime ideals in these
algebraic structures (See, Example 7 and Example 8). In Section 3, we investigate
the rings over which all proper ideals are weakly 1-absorbing prime. We show that,
in Proposition 1, if A is a ring whose all proper ideals are weakly 1-absorbing prime,
then either Jac(A)2 = 0 or Jac(A) = (0 : Jac(A)2), where Jac(A) is the Jacobson
radical of A. By using this result, we characterize rings whose all proper ideals
are weakly 1-absorbing prime. In particular we prove that every proper ideal of a
ring A is weakly 1-absorbing prime if and only if either (A,m) is quasi-local with
m3 = (0) or A = F1 × F2, where F1 and F2 are fields (See, Theorem 14). We
dedicate the Section 4 to the study of weakly 1-absorbing prime ideals and weakly
prime ideals in C(X), which is the ring of real valued continuous functions on a
topological space X. We show that weakly prime z-ideals and weakly 1-absorbing
z-ideals are coincide in C(X) (See, Theorem 17).
2. Characterization of weakly 1-absorbing prime ideals
Definition 1. Let A be a ring and P be a proper ideal of A. P is said to be a
weakly 1-absorbing prime ideal if 0 6= xyz ∈ P for some nonunits x, y, z ∈ A, then
either xy ∈ P or z ∈ P.
Example 1. Every weakly prime ideal is also a weakly 1-absorbing prime ideal.
Example 2. (Weakly 1-absorbing prime ideal that is not weakly prime)
Let A = Z12 and P = (4). Since 0 6= 2.2 ∈ P and 2 /∈ P, P is not a weakly prime
ideal of A. Now, we will show that P is a weakly 1-absorbing prime ideal of A. To
see this, let 0 6= xyz ∈ P for some nonunits x, y, z in A. Assume that xy /∈ P and
z /∈ P. Since xyz ∈ P, we have 4|xyz, 4 ∤ xy and 4 ∤ z. Without loss of generality,
we may assume that 2 ∤ x. Since 4|xyz, we have 2|y and 2|z. Since x is not unit in
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A and 2 ∤ x, we have 3|x. Then we conclude that xyz = 0 which is a contradiction.
Therefore, P is a weakly 1-absorbing prime ideal of A.
Example 3. Every weakly 1-absorbing prime ideal is also a weakly 2-absorbing
ideal. To see this, let P be a weakly 1-absorbing prime ideal of a ring A. Choose
x, y, z in A such that 0 6= xyz ∈ P. If at least one of the x, y, z is unit, then we are
done. So assume that x, y, z are nonunits in A. Since P is a weakly 1-absorbing
prime ideal, we have xy ∈ P or z ∈ P. Thus we have either xy ∈ P or xz ∈ P or
yz ∈ P.
Example 4. (Weakly 2-absorbing ideal that is not weakly 1-absorbing
prime) Consider the ring A = Z30 and the ideal P = (6). It is clear that P is a
weakly 2-absorbing ideal of A. Since 0 6= 2.2.3 ∈ P, 2.2 /∈ P and 3 /∈ P, it follows
that P is not a weakly 1-absorbing prime ideal of A.
Example 5. Every 1-absorbing prime ideal is also a weakly 1-absorbing prime
ideal.
Example 6. (Weakly 1-absorbing prime ideal that is not 1-absorbing
prime) Let R = Zpq , where p 6= q are prime numbers, and let P = (0). Then P is
clearly a weakly 1-absorbing prime ideal of A. Since p.p.q = 0, p2 6= 0 and q 6= 0, it
follows that P is not a 1-absorbing prime ideal of A.
By the above examples, we have the following diagram which clarifies the place
of weakly 1-absorbing prime ideals in L(A), which is the lattice of all ideals of A..
Here, the arrows in the diagram are irreversible.
weakly prime ideal weakly 1-absorbing prime ideal weakly 2-aborbing ideal
prime ideal 1-absorbing prime ideal 2-absorbing ideal
Theorem 1. Suppose that P is a weakly 1-absorbing prime ideal of a reduced
ring A. Then
√
P is a weakly prime ideal of A. In particular, (P : x) is a weakly
prime ideal for each x ∈ reg(A)− (P ∪ u(A)).
Proof. Suppose that P is a weakly 1-absorbing prime ideal and A is a reduced
ring. Let 0 6= xy ∈ √P for some x, y ∈ A. If x is unit, then clearly we have
y = x−1(xy) ∈ √P . So assume that x, y are nonunits in A. Since xy ∈ √P, there
exists n ∈ N such that xnyn ∈ P. This implies that xnxnyn ∈ P. As A is a reduced
ring and xy 6= 0, we have xnxnyn 6= 0. Since P is a weakly 1-absorbing prime and
0 6= xnxnyn ∈ P, we obtain either xnxn = x2n ∈ P or yn ∈ P. Therefore, we
have x ∈ √P or y ∈ √P so that √P is a weakly prime ideal of A. On the other
hand, choose an element x ∈ reg(A) − (P ∪ u(A)). We will show that (P : x) is a
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weakly prime ideal. Let 0 6= yz ∈ (P : x) for some y, z ∈ A. Here, we may assume
that y and z are nonunits in A. Since x ∈ reg(A) and 0 6= yz ∈ (P : x), we have
0 6= xyz ∈ P. Since P is weakly 1-absorbing prime ideal, we have either xy ∈ P or
z ∈ P. This yields that y ∈ (P : x) or z ∈ (P : x). Therefore, (P : x) is a weakly
prime ideal of A. 
Theorem 2. Let A1, A2 be two commutative rings and f : A1 → A2 be a ring
homomorphism such that f(1A1) = 1A2 . The following assertions hold.
(i) If f is a monomorphism, P is a weakly 1-absorbing prime ideal of A2 and
f(x) is nonunit in A2 for each nonunit x ∈ A1, then f−1(P ) is a weakly 1-absorbing
prime ideal of A1.
(ii) If f is an epimorphism and P ⋆ is a weakly 1-absorbing prime ideal of
A1 such that Ker(f) ⊆ P ⋆, then f(P ⋆) is a weakly 1-absorbing prime ideal of A2.
Proof. (i): Let 0 6= xyz ∈ f−1(P ) for some nonunits x, y, z ∈ A1. Then by
the assumption, f(xyz) = f(x)f(y)f(z) ∈ P for some nonunits f(x), f(y), f(z) in
A2. Since f is monomorphism, we have f(xyz) 6= 0. As P is a weakly 1-absorbing
prime ideal of A2, we conclude either f(x)f(y) = f(xy) ∈ P or f(z) ∈ P and this
implies that xy ∈ f−1(P ) or z ∈ f−1(P ). Hence, f−1(P ) is a weakly 1-absorbing
prime ideal of A1.
(ii): Suppose that 0 6= x′y′z′ ∈ f(P ⋆) for some nonunits x′, y′, z′ ∈ A2. Since f
is epimorphism, there exist nonunits x, y, z ∈ A1 such that x′ = f(x), y′ = f(y) and
z′ = f(z). Then we have 0 6= f(x)f(y)f(z) = f(xyz) ∈ f(P ⋆). As Ker(f) ⊆ P ⋆, we
get 0 6= xyz ∈ P ⋆. Since P ⋆ is a weakly 1-absorbing prime ideal of A1, we conclude
either xy ∈ P ⋆ or z ∈ P ⋆ and this yields that f(xy) = x′y′ ∈ f(P ⋆) or f(z) = z′ ∈
f(P ⋆). Therefore, f(P ⋆) is a weakly 1-absorbing prime ideal of A2. 
The following example shows that the condition “f(x) is nonunit in A2 for each
nonunit x ∈ A1” is necessary in Theorem 2.
Example 7. Let p be a prime number and consider A1 = Z and A2 = Z(p).
Let f : A1 → A2 be a homomorphism defined by f(m) = m1 for each m ∈ A1. Then
note that f is monomorphism and also for each prime number q 6= p, we have
f(q) = q1 is unit in A2 but q is nonunit in A1. Also it is clear that
x
s ∈ A2 is
nonunit if and only if p|x. Now, put P = p2Z(p). Let 0 6= xs yt zu ∈ P for some
nonunits xs ,
y
t ,
z
u ∈ A2. Then p|x, p|y and p|z. Then we get xs yt ∈ p2Z(p) = P and
so P is a weakly 1-absorbing prime ideal of A2. On the other hand, note that
f−1(P ) = p2Z. Since 0 6= pqp = p2q ∈ f−1(P ) and pq, p /∈ f−1(P ), we have
f−1(P ) is not weakly 1-absorbing prime ideal of A1.
Theorem 3. (i) Let Q ⊆ P be two ideals of A. If P is a weakly 1-absorbing
prime ideal of A, then P/Q is a weakly 1-absorbing prime ideal of A/Q.
(ii) Let Q ⊆ P be two proper ideals of A such that u(A/Q) = {x + Q : x ∈
u(A)}. If Q is a weakly 1-absorbing prime ideal of A and P/Q is a weakly 1-
absorbing prime ideal of A/Q, then P is a weakly 1-absorbing prime ideal of A.
(iii) If zero ideal is 1-absorbing prime ideal of A and P is a weakly 1-absorbing
prime ideal of A, then P is a 1-absorbing prime ideal of A.
Proof. (i): Suppose that P is a weakly 1-absorbing prime ideal of A. Let
0 6= xyz ∈ P/Q for some nonunits x, y, z in A/Q where x = x+Q, y = y +Q and
z = z + Q for some x, y, z ∈ A. This implies that 0 6= xyz ∈ P. Since x, y, z are
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nonunits in A and P is a weakly 1-absorbing prime ideal of A, we conclude either
xy ∈ P or z ∈ P. Then we have xy ∈ P/Q or z ∈ P/Q.
(ii): Let 0 6= xyz ∈ P for some nonunits x, y, z in A. If xyz ∈ Q, then either
xy ∈ Q ⊆ P or z ∈ Q ⊆ P, because Q is a weakly 1-absorbing prime ideal of A. So
assume that xyz /∈ Q and thus 0A/Q 6= xyz ∈ P/Q, where x = x+Q, y = y+Q and
z = z + Q. Also by the assumption, x, y, z ∈ A/Q are nonunits. Since P/Q is
a weakly 1-absorbing prime ideal of A/Q, we get either xy = xy + Q ∈ P/Q or
z = z +Q ∈ P/Q, and this gives xy ∈ P or z ∈ P which completes the proof.
(iii): Let xyz ∈ P for some nonunits x, y, z ∈ A. If xyz 6= 0, then we have
either xy ∈ P or z ∈ P because P is a weakly 1-absorbing prime ideal of A. So
assume that xyz = 0. Since zero ideal is 1-absorbing prime ideal, we conclude either
xy = 0 ∈ P or z = 0 ∈ P . Therefore, P is a 1-absorbing prime ideal of A. 
Let P be an ideal of A. Then ZP (A) is the set of all elements x ∈ A such that
xy ∈ P for some y /∈ P, that is, ZP (A) = {x ∈ A : xy ∈ P for some y /∈ P}.
Theorem 4. Let A be a ring and S ⊆ A a multiplicatively closed set of A.
(i) If P is a weakly 1-absorbing prime ideal of A such that P ∩ S = ∅, then
S−1P is a weakly 1-absorbing prime ideal of S−1A.
(ii) If S ⊆ reg(A), u(S−1A) = {xs : x ∈ u(A), s ∈ S} and S−1P is a weakly 1-
absorbing prime ideal of S−1A with ZP (A)∩S = ∅, then P is a weakly 1-absorbing
prime ideal of A.
Proof. (i): Suppose that 0 6= xs yt zu ∈ S−1P for some nonunits xs , yt , zu ∈ S−1A.
Then 0 6= a(xyz) = (ax)yz ∈ P for some a ∈ S. Also, note that ax, y, z are nonunits
in A. Since P is a weakly 1-absorbing prime ideal of A, we have either axy ∈ P or
z ∈ P. This implies that xs yt = axyast ∈ S−1P or zu ∈ S−1P. Therefore, S−1P is a
weakly 1-absorbing prime ideal of S−1A.
(ii): Let 0 6= xyz ∈ P for some nonunits x, y, z ∈ A. Since S ⊆ reg(A), we
conclude that 0 6= x1 y1 z1 ∈ S−1P. Also by the assumption, x1 , y1 , z1 are nonunits in
S−1A. As S−1P is a weakly 1-absorbing prime ideal of S−1A, we conclude either
x
1
y
1 =
xy
1 ∈ S−1P or z1 ∈ S−1P. Then there exists s ∈ S such that sxy ∈ P or
sz ∈ P. We may assume that sxy ∈ P. If xy /∈ P, then we have s ∈ ZP (A) ∩ S
which is a contradiction. Thus we have xy ∈ P. In other case, similarly, we get
z ∈ P. Therefore, P is a weakly 1-absorbing prime ideal of A. 
The converse of Theorem 4 (i) may not be true unless conditions of the part
(ii) are satisfied. See the following example.
Example 8. Let p, q be distinct prime numbers and A = Z. Take the mul-
tiplicatively closed set S = Z − pZ and P = p2Z. Then note that S−1A = Z(p),
S ⊆ reg(A) and q1 is unit in S−1A while q is nonunit in A. Moreover, ZP (A) = pZ
and thus ZP (A) ∩ S = ∅. By Example 7, S−1P = p2Z(p) is a weakly 1-absorbing
prime ideal of S−1A. However, P is not a weakly 1-absorbing prime ideal of A.
We remind that a ring A is said to be a quasi-local if it has a unique maximal
ideal [15]. Otherwise, we say that A is non-quasi-local ring.
Theorem 5. Let P be a proper ideal of a non-quasi-local ring A such that
ann(x) is not a maximal ideal for each x ∈ P. The following statements are equiv-
alent.
(i) P is a weakly prime ideal of A.
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(ii) P is a weakly 1-absorbing prime ideal of A.
Proof. (i)⇒ (ii) : Follows from Example 1.
(ii) ⇒ (i) : Let 0 6= xy ∈ P for some x, y ∈ A. If x or y is unit, then we have
either x ∈ P or y ∈ P. So assume that x and y are nonunits in A. Since xy 6=
0, ann(xy) is a proper ideal. Then there exists a maximal ideal m1 of A such that
ann(xy) ( m1. As A is non-quasi-local, there exists a maximal ideal m2 of A. Now,
choose z ∈ m2 − m1. Then we have z /∈ ann(xy) and so 0 6= xyz = zxy ∈ P. As P
is a weakly 1-absorbing prime ideal, we conclude zx ∈ P or y ∈ P. If y ∈ P, then
we are done. So assume that zx ∈ P. Since z /∈ m1, there exists r ∈ A such that
1 + rz ∈ m1 and so 1 + rz is nonunit. Assume that 1 + rz /∈ ann(xy). Then we
have 0 6= (1 + rz)xy ∈ P. Since P is a weakly 1-absorbing prime ideal, we get
(1+ rz)x = x+ rzx ∈ P and so x ∈ P. Now assume that 1+ rz ∈ ann(xy). Choose
t ∈ m1−ann(xy). Then we have 1+rz+t ∈ m1 and so 1+rz+t is nonunit in A. On
the other hand, since 0 6= txy ∈ P and P is a weakly 1-absorbing prime ideal, we
get tx ∈ P. As P is a weakly 1-absorbing prime ideal and 0 6= (1+rz+ t)xy ∈ P, we
obtain that (1 + rz + t)x = x + rzx + tx ∈ P and so x ∈ P which completes the
proof. 
Theorem 6. Let A be a commutative ring and P a proper ideal of A. The
following statements are equivalent.
(i) P is a weakly 1-absorbing prime ideal of A.
(ii) For each nonunits x, y ∈ A with xy /∈ P, (P : xy) = P ∪ (0 : xy).
(iii) For each nonunits x, y ∈ A with xy /∈ P, either (P : xy) = P or (P : xy) =
(0 : xy).
(iv) For each nonunits x, y ∈ A and proper ideal J of A such that 0 6= xyJ ⊆
P, either xy ∈ P or J ⊆ P.
(v) For each nonunit x ∈ A and proper ideals I, J of A such that 0 6= xIJ ⊆
P, either xI ⊆ P or J ⊆ P.
(vi) For each proper ideals I, J,K of A such that 0 6= IJK ⊆ P, either IJ ⊆
P or K ⊆ P.
Proof. (i) ⇒ (ii) : Suppose that P is a weakly 1-absorbing prime ideal of
A. Now, choose nonunits x, y ∈ A with xy /∈ P. Let z ∈ (P : xy). If zxy = 0, then
we are done. So assume that xyz 6= 0. Since xy /∈ P and xyz ∈ P, we have
z is not unit. As P is weakly 1-absorbing prime, we conclude z ∈ P. Thus we
have (P : xy) ⊆ P ∪ (0 : xy). Since the reverse inclusion always hold, we get
(P : xy) = P ∪ (0 : xy).
(ii)⇒ (iii) : Follows from the fact that if an ideal is a union of two ideals, then
it must be one of them.
(iii) ⇒ (iv) : Suppose that 0 6= xyJ ⊆ P for some nonunits x, y ∈ A and
a proper ideal J of A. Assume that xy /∈ P. Then by (iii), we have either (P :
xy) = (0 : xy) or (P : xy) = P. Suppose (P : xy) = (0 : xy). Since xyJ ⊆ P, we
get J ⊆ (P : xy) = (0 : xy) and so xyJ = 0 which is a contradiction. Thus
(P : xy) = P and this implies that J ⊆ (P : xy) = P which completes the proof.
(iv) ⇒ (v) : Let 0 6= xIJ ⊆ P for some nonunit x ∈ A and proper ideals
I, J of A. Assume that xI * P and J * P. As xI * P, there exists a ∈ I such
that xa /∈ P. Since xIJ 6= 0, there exists a0 ∈ I such that xa0J 6= 0. Now, we will
show that xaJ = 0. Otherwise, by (iv), we would have xa ∈ P or J ⊆ P since
a is not unit, which is contradiction. Thus xaJ = 0 and so we have 0 6= xa0J =
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x(a + a0)J ⊆ P. Then by (iv), we have x(a + a0) ∈ P since a + a0 is not unit.
On the other hand, since 0 6= xa0J ⊆ P, we have xa0 ∈ P. As x(a + a0) ∈ P and
xa0 ∈ P, we conclude that xa ∈ P which is a contradiction. Therefore, xI ⊆ P or
J ⊆ P.
(v) ⇒ (vi) : Suppose that 0 6= IJK ⊆ P for some proper ideals I, J,K of
A. Assume that IJ * P and K * P. Then there exists y ∈ I such that yJ * P. If
yJK 6= 0, then we have either yJ ⊆ P or K ⊆ P which is contradiction. Thus
yJK = 0. Since IJK 6= 0, there exists x ∈ I such that xJK 6= 0. As xJK ⊆ P, we
conclude that xJ ⊆ P. As 0 6= xJK = (x+ y)JK ⊆ P, we have (x + y)J ⊆ P and
this yields that yJ ⊆ P which is a contradiction.
(vi)⇒ (i) : Suppose that 0 6= xyz ∈ P for some nonunits x, y, z ∈ A. Now, put
I = xA, J = yA and K = zA. Then 0 6= IJK = xyzA ⊆ P for proper ideals I, J
and K of A. Then by (vi), we have xy ∈ IJ ⊆ P or z ∈ K ⊆ P , as needed. 
Definition 2. Let P be a weakly 1-absorbing prime ideal of A and x, y, z be
nonunits in A. (x, y, z) is said to be a 1-triple zero of P provided that xyz = 0, xy /∈
P and z /∈ P.
Note that a weakly 1-absorbing prime ideal P of A is not a 1-absorbing prime
ideal if and only if P has a 1-triple zero.
Theorem 7. Let P be a weakly 1-absorbing prime ideal of A and (x, y, z) be a
1-triple zero of P. Then,
(i) xyP = 0.
(ii) If x, y /∈ (P : z), then xzP = 0 = yzP = xP 2 = yP 2 = zP 2. In particular,
P 3 = 0.
Proof. (i) : Suppose that P is a weakly 1-absorbing prime ideal of A and
(x, y, z) is a 1-triple zero of P. Assume that xyP 6= 0. Then there exists p ∈ P such
that 0 6= xyp. Since (x, y, z) is a 1-triple zero of P, xyz = 0, xy /∈ P and z /∈ P. This
implies that 0 6= xyp = xy(z + p) ∈ P. Since xy /∈ P, z + p is not unit. As P is a
weakly 1-absorbing prime ideal of A, we conclude that z+p ∈ P and so z ∈ P which
is a contradiction. Therefore, xyP = 0.
(ii) : Let x, y /∈ (P : z). Then xz, yz /∈ P. Now, take p ∈ P. Since xyz = 0, we
have xy(z + p) = xzp ∈ P. If z + p is unit, we get xy ∈ P which is a contradiction.
Thus z + p is nonunit. If xzp 6= 0, we conclude 0 6= xy(z + p) ∈ P. As P is a
weakly 1-absorbing prime ideal of A, we get z + p ∈ P and so z ∈ P which is a
contradiction. Therefore, xzp = 0 and this yields xzP = 0. One can similarly show
that yzP = 0. Now, we will show that xP 2 = 0. Assume that xP 2 6= 0. Then there
exists q, p ∈ P such that xpq 6= 0. Then we have 0 6= xpq = x(y + p)(z + q) =
xyz + xyq + xzp + xpq ∈ P since xyz = 0, xyP = 0 and xzP = 0. If y + p is
unit, then x(z + q) ∈ P and so xz ∈ P which is a contradiction. Thus y + p is
nonunit. Likewise, z + q is nonunit. As P is a weakly 1-absorbing prime ideal, we
conclude that either x(y + p) ∈ P or z + q ∈ P and this yields that xy ∈ P or
z ∈ P which are both contradictions. Therefore, xP 2 = 0. Similar argument shows
that yP 2 = zP 2 = 0.
Now, we will show that P 3 = 0. Suppose to the contrary. Then there exists
p, q, r ∈ P such that pqr 6= 0. Then we have (p + x)(q + y)(r + z) = pqr since
zP 2 = 0 = yP 2 = yzP = xP 2 = xzP = xyP and xyz = 0. This implies that
0 6= pqr = (p+ x)(q + y)(r + z) ∈ P. If (p+ x) is unit, then (q + y)(r + z) ∈ P. As
q, r ∈ P, we get yz ∈ P which is a contradiction. Thus (p+x) is nonunit. Similarly,
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(q + y), (r + z) are not units in A. Since P is a weakly 1-absorbing prime ideal of
A, we conclude that (p+ x)(q + y) ∈ P or r + z ∈ P and thus we have xy ∈ P or
z ∈ P, again a contradiction. Hence P 3 = 0. 
Theorem 8. (i) Let P be a weakly 1-absorbing prime ideal of a reduced ring
A that is not 1-absorbing prime. Suppose that (x, y, z) is a 1-triple zero of P such
that x, y /∈ (P : z). Then P = 0.
(ii) Let P be a nonzero weakly 1-absorbing prime ideal of a reduced ring A that
is not 1-absorbing prime ideal. If (x, y, z) is a 1-triple zero of P, then xz ∈ P or
yz ∈ P.
Proof. (i): Let P be a weakly 1-absorbing prime ideal that is not 1-absorbing
prime ideal. Suppose that (x, y, z) is a 1-triple zero of P with x, y /∈ (P : z). Then
by Theorem 7 (iii), P 3 = 0. Since A is reduced, we get P = 0.
(ii): Let (x, y, z) be a 1-triple zero of P. If xz and yz /∈ P, then x, y /∈ (P : z) so
by (i), we conclude that P = 0 which is a contradiction. 
Let A be a ring and M be an A-module. The trivial extension (or sometimes
called Nagata’s idealization) A⋉M = A⊕M is a commutative ring with componen-
twise addition and the multiplication given by (x,m)(y,m′) = (xy, xm′ + ym) for
each x, y ∈ A;m,m′ ∈M [14], [2].
For any A-module M, the set of annihilators of M is denoted by ann(M) =
{x ∈ A : xM = (0)}. For an ideal P of A and a submodule N of M The set
P ⋉ N is not always an ideal of A ⋉ M and it is an ideal in trivial extension
if and only if PM ⊆ N [2, Theorem 3.1]. The authors showed in [2] that every
prime and maximal ideal J of A⋉M has the form J = P ⋉M , where P is prime
and maximal ideal, respectively. Also, Anderson and Smith in [1] determine when
P ⋉M is a weakly prime ideal in A ⋉M. Now, we will give a similar result for
weakly 1-absorbing prime ideals.
Theorem 9. Let P be a proper ideal of a ring A and M be an A-module. The
following statements are equivalent.
(i) P ⋉M is a weakly 1-absorbing prime ideal of A⋉M.
(ii) P is a weakly 1-absorbing prime ideal of A and if xyz = 0 for some nonunits
x, y, z ∈ A with xy /∈ P and z /∈ P, then xy, xz, yz ∈ ann(M).
Proof. Firstly, we will show that (x,m) is nonunit in A⋉M if and only if x is
nonunit in A. Let (x,m) be a unit of A⋉M. . Then there exists (y,m′) ∈ A⋉M
such that (x,m)(y,m′) = (1, 0). This implies that xy = 1 and xm′ + ym = 0 , and
so x is a unit of A. For the converse, assume that x is a unit of A. Now, we will
show that (x,m) is unit for all m ∈M. First, choose y ∈ A such that xy = 1. Now,
put m′ = −y2m. Then note that (x,m)(y,m′) = (xy, xm′ + ym) = (1, 0) and so
(x,m) is unit.
(i) ⇒ (ii) : Suppose that P ⋉M is a weakly 1-absorbing prime ideal of A ⋉
M. Let 0 6= xyz ∈ P for some nonunits x, y, z ∈ A. Then we have (x, 0)(y, 0)(z, 0) =
(xyz, 0) ∈ P ⋉M for some nonunits (x, 0), (y, 0), (z, 0) ∈ A ⋉M. Since P ⋉M is
weakly 1-absorbing prime, we have either (x, 0)(y, 0) = (xy, 0) ∈ P ⋉M or (z, 0) ∈
P ⋉M. Then we obtain xy ∈ P or z ∈ P. Thus P is a weakly 1-absorbing prime
ideal of A. Now, assume that xyz = 0 for some nonunits x, y, z ∈ A with xy /∈ P and
z /∈ P. Assume that xy /∈ ann(M). Then there exists m ∈ M such that xym 6=
0. This implies that (x, 0)(y, 0)(z,m) = (xyz, xym) 6= (0, 0). As (x, 0)(y, 0)(z,m) =
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(xyz, abm) ∈ P ⋉M for some nonunits (x, 0), (y, 0), (z,m) ∈ P ⋉M, we conclude
either (x, 0)(y, 0) = (xy, 0) ∈ P ⋉M or (z,m) ∈ P ⋉M and so we have xy ∈ P or
z ∈ P, a contradiction. Thus xy ∈ ann(M). Similarly, we have xz, yz ∈ ann(M).
(ii)⇒ (i) : Let (0, 0) 6= (x,m1)(y,m2)(z,m3) = (xyz, xym3+ xzm2 + yzm1) ∈
P ⋉M for some nonunits (x,m1), (y,m2), (z,m3) ∈ A ⋉M. Then we have xyz ∈
P for some nonunits x, y, z ∈ A. If xyz 6= 0, then we conclude either xy ∈ P or
z ∈ P. This implies that (x,m1)(y,m2) = (xy, xm2 + ym1) ∈ P ⋉M or (z,m3) ∈
P ⋉M. Now, assume that xyz = 0. If xy /∈ P and z /∈ P, then by assumption,
we have xy, xz, yz ∈ ann(M) and so xym3 + xzm2 + yzm1 = 0. Then we have
(x,m1)(y,m2)(z,m3) = (0, 0) which is a contradiction. Thus we have either xy ∈
P or z ∈ P and so either (x,m1)(y,m2) ∈ P ⋉M or (z,m3) ∈ P ⋉M. 
Theorem 10. Suppose that A1, A2 be two commutative rings that are not fields
and A = A1 × A2. Let P be a nonzero proper ideal of A. The following assertions
are equivalent.
(i) P is a weakly 1-absorbing prime ideal of A.
(ii) P = P1×A2 for some prime ideal P1 of A1 or P = A1×P2 for some prime
ideal P2 of A2.
(iii) P is a prime ideal of A.
(iv) P is a weakly prime ideal of A.
(v) P is a 1-absorbing prime ideal of A.
Proof. (i) ⇒ (ii) : Let P be a nonzero proper ideal of A. Then we can
write P = P1 × P2 for some ideals P1 of A1 and P2 of A2. Since P is nonzero,
P1 6= 0 or P2 6= 0. Without loss of generality, we may assume that P1 6= 0. Then
there exists 0 6= x ∈ P1. Since P is a weakly 1-absorbing prime ideal and (0, 0) 6=
(1, 0)(1, 0)(x, 1) ∈ P, we conclude either (1, 0) ∈ P or (x, 1) ∈ P. Then we have
either P1 = A1 or P2 = A2. Assume that P1 = A1. Now we will show that P2 is
a prime ideal of A2. Let yz ∈ P2 for some y, z ∈ A2. If y or z is a unit, then
we have either y ∈ P2 or z ∈ P2. So assume that y, z are nonunits in A2. Since
A1 is not a field, there exists a nonzero nonunit t ∈ A1. This implies that (0, 0) 6=
(t, 1)(1, y)(1, z) = (t, yz) ∈ P. As P is a weakly 1-absorbing prime ideal of A, we
conclude either (t, 1)(1, y) = (t, y) ∈ P or (1, z) ∈ P. Thus we get y ∈ P2 or
z ∈ P2 and so P2 is a prime ideal of A2. In other case, one can similarly show that
P = P1 ×A2 and P1 is a prime ideal of A1.
(ii)⇒ (iii) : It is clear.
(iii)⇔ (iv) : Follows from [1, Theorem 7].
(iii)⇒ (v) : Directly from definition [17, Definition 2.1].
(v)⇒ (i) : Follows from Example 5. 
Theorem 11. Let A1, A2, . . . , An be commutative rings and A = A1 × A2 ×
· · · ×An, where n ≥ 2. The following statments are equivalent.
(i) Every proper ideal of A is a weakly 1-absorbing prime ideal.
(ii) n = 2 and A1, A2 are fields.
Proof. (i)⇒ (ii) : Suppose that n ≥ 3. Let P = {0}× {0}×A3 ×A4 × · · · ×
An. Then by (i), P is a weakly 1-absorbing prime ideal of A. Choose a nonzero
element x ∈ A3. Then we have (1, 0, 1, 1, . . . , 1)(1, 0, 1, 1, . . . , 1)(0, 1, x, 1, 1, . . . , 1) =
(0, 0, x, 1, 1, . . . , 1) ∈ P. As P is a weakly 1-absorbing prime ideal, we conclude ei-
ther (1, 0, 1, 1, . . . , 1)(1, 0, 1, 1, . . . , 1) = (1, 0, 1, 1, . . . , 1) ∈ P or (0, 1, x, 1, 1, . . . , 1) ∈
P which both of them are contradictions. Therefore n = 2. Now, we will show that
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A1, A2 are fields. Now, put P
⋆ = {0}×A2. Since P ⋆ is a weakly 1-absorbing prime
ideal of A, by Theorem 10, {0} is a prime ideal of A1, that is, A1 is a domain.
Likewise, A2 is a domain. Let 0 6= a ∈ A1. If a is nonunit, then J = (a2) × A2 is
a proper ideal of A. Then by assumption, J is a weakly 1-absorbing prime ideal of
A. Since (0, 0) 6= (a, 1)(1, 0)(a, 1) ∈ J, we conclude either (a, 1)(1, 0) = (a, 0) ∈ J or
(a, 1) ∈ J and this yields that a = ra2 for some r ∈ A1. As A1 is a domain and
a 6= 0, we have 1 = ra, namely, a is a unit which is a contradiction. Therefore, a is
unit and A1 is a field. Likewise, A2 is a field.
(ii) ⇒ (i) : Suppose that n = 2 and A1, A2 are fields. Let P be a proper
ideal of A = A1 ×A2. Then all the possibilities for P are {0} × {0}, {0} ×A2 and
A1 × {0}. If P = {0} × A2 or P = A1 × {0}, then P is weakly 1-absorbing prime
ideal by Theorem 10. If P = {0} × {0}, then P is trivially weakly 1-absorbing
prime ideal of A. 
3. Rings in which every proper ideal is weakly 1-absorbing prime
Proposition 1. Let A be a ring in which every proper ideal is weakly 1-
absorbing prime. Then one of the following statements hold.
(i) Jac(A)2 = (0).
(ii) For each x, y ∈ Jac(A) with xy 6= 0, then Jac(A) = (0 : xy). In particular,
Jac(A) = (0 : Jac(A)2).
Proof. Suppose that Jac(A)2 6= (0). Choose x, y ∈ Jac(A) such that xy 6=
0. Now, we will show that Jac(A) ⊆ (0 : xy). Suppose to the contrary. Then
there exists z ∈ Jac(A) − (0 : xy), which implies that xyz 6= 0. Since every ideal
is weakly 1-absorbing prime, so is P = Axyz. As 0 6= xyz ∈ P, we conclude
either xy ∈ P or z ∈ P. Thus we have xy = axyz or z = bxyz for some a, b ∈
A. This gives xy(1 − az) = 0 or z(1 − bxy) = 0. Since x, y, z ∈ Jac(R), we have
1 − bxy and 1 − az are unit, and so we have either xy = 0 or z = 0 which is
contradiction. Thus we have Jac(A) ⊆ (0 : xy). Now, take c ∈ (0 : xy). Let
c /∈ Jac(A). Then there exists d ∈ A such that 1 − cd is nonunit. Then note
that (1− cd)xy 6= 0 since cxy = 0 and xy 6= 0. Since Q = A(1− cd)xy is weakly 1-
absorbing prime, we get either (1−cd)x ∈ Q or y ∈ Q. Then there exist r, s ∈ A such
that (1−cd)x = (1−cd)xyr or y = (1−cd)xys. Then we obtain (1−cd)x(1−yr) = 0
or y(1−(xs−cdxs)) = 0. Since 1−yr and 1−(xs−cdxs) are units, we get (1−cd)x =
0 or y = 0, which again are contradictions. Thus we have (0 : xy) ⊆ Jac(A), that
is, Jac(A) = (0 : xy). Now,we will show that Jac(A) = (0 : Jac(A)2). First note
that Jac(A)2 =
∑
x,y∈Jac(A)
Axy. Then we have (0 : Jac(A)2) =
⋂
x,y∈Jac(A)
(0 : xy).
Let x, y ∈ Jac(A). If xy = 0, then (0 : xy) = A. If xy 6= 0, then we have (0 : xy) =
Jac(A). So we conclude that (0 : Jac(A)2) =
⋂
x,y∈Jac(A)
(0 : xy) = Jac(A). 
Theorem 12. Let (A,m) be a quasi-local ring. The following statements are
equivalent.
(i) Every proper ideal is a weakly 1-absorbing prime ideal.
(iii) m3 = (0).
Proof. (i)⇒ (ii) : First note that Jac(A) = m. The rest follows from Propo-
sition 1.
(ii) ⇒ (i) : Suppose that m3 = (0). Let P be a nonzero proper ideal of
A. Assume that P is not weakly 1-absorbing prime, then there exist nonunits
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x, y, z ∈ A such that 0 6= xyz ∈ P but xy /∈ P and z /∈ P. As x, y, z are nonunits
and m3 = (0), we get xyz = 0 which is a contradiction. Therefore, P is weakly
1-absorbing prime. 
Corollary 1. Suppose that (A,m) is a quasi-local ring with m2 = (0). Then,
every proper ideal is a 1-absorbing prime ideal.
Proof. Let (A,m) be a quasi-local ring with m2 = (0). Let P be a proper
ideal of A and xyz ∈ P for some nonunits x, y, z ∈ A. Since x and y are nonunit
and m2 = (0), we have xy = 0 ∈ P. Therefore, P is a 1-absorbing prime ideal of
A. 
Theorem 13. Suppose that every proper ideal of A is weakly 1-absorbing prime.
Then |Max(A)| ≤ 2.
Proof. Let A be a ring over which every proper ideal is weakly 1-absorbing
prime. Suppose that |Max(A)| ≥ 3. Choose maximal ideals m1,m2,m3.
Case 1: Assume that m1m2m3 6= (0). Since m1m2m3 ⊆ m1m2m3 and m1m2m3
is weakly 1-absorbing prime ideal, by Theorem 6, we conclude either m1m2 ⊆
m1m2m3 ⊆ m3 or m3 ⊆ m1m2m3 ⊆ m1. This implies that m1 = m3 or m2 = m3 , a
contradiction.
Case 2: Assume that m1m2m3 = (0). Then by Chinese Remainder Theorem,
A is isomorphic to (A/m1) × (A/m2) × (A/m3) . Take A = F1 × F2 × F3, where
F1, F2, F3 are fields. Then by Thoerem 11, we have F1 = (0) or F2 = (0) or
F3 = (0) which is contradiction.
Therefore, |Max(A)| ≤ 2. 
Now, we characterize rings whose all proper ideals are weakly 1-absorbing prime
ideal.
Theorem 14. Let A be a ring. The following statements are equivalent.
(i) Every proper ideal of A is a weakly 1-absorbing prime ideal.
(ii) Either (A,m) is a quasi-local ring with m3 = (0) or A = F1 × F2, where
F1, F2 are fields.
Proof. (i) ⇒ (ii) : Suppose that every proper ideal of A is a weakly 1-
absorbing prime ideal. Then by Theorem 13, |Max(A)| ≤ 2. Suppose that |Max(A)| =
1, that is, (A,m) is a quasi-local ring. Then by Theorem 12, m3 = (0). Now, sup-
pose that Max(A) = {m1,m2}. Then by Proposition 1, we have Jac(A)3 = m31m32 =
(0). By Chinese Remainder Theorem, we conclude that R =
(
R/m31
)× (R/m32) . So
by Theorem 11,
(
R/m31
)
and
(
R/m32
)
are fields.
(ii)⇒ (i) : Suppose first that (A,m) is a quasi-local ring with m3 = (0). Then
by Theorem 12, every proper ideal is weakly 1-absorbing prime. Now, assume that
A = F1 × F2, where F1, F2 are fields. Then by Theorem 11, every proper ideal is
weakly 1-absorbing prime ideal. 
Example 9. Let A = Zn, where n ≥ 2 is an integer. Then by previous theorem,
every ideal of A is weakly 1-absorbing prime if and only if n = p3 or n = p1p2 for
some prime numbers p and p1 6= p2.
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4. Weakly 1-absorbing prime z-ideals in C(X)
Let X be a topological space and C(X) be the ring of all real valued continuous
functions on a topological space X. Note that C(X) is a commutative ring with
a nonzero identity i(x) = 1 for each x ∈ X. It is known that for each topological
space X, C(X) is isomorphic to C(Y ) for some completely regular space Y [11]. So
from now on, we assume that X is a completely regular topological space. We refer
[11] to the reader for more details on C(X). The notion of z-filter has an important
role in studying the algebraic properties of C(X). Let f ∈ C(X). The zero set f
of C(X) is denoted by z(f) = {x ∈ X : f(x) = 0} and also the set of all zero sets
in X is denoted by z(X). Recall from [11] that a nonempty subset F ⊆ z(X) is
said to be a z-filter if the following conditions hold: (i) ∅ /∈ F(ii) Z1 ∩ Z2 ∈ F for
each Z1, Z2 ∈ F and (iii) Z1 ⊆ Z, Z1 ∈ F and Z ∈ z(X) imply that Z ∈ F . Let
I be an ideal of C(X). Then the set z[I] = {z(f) : f ∈ I} is an example of z-filter.
Also, if F is a z-filter, then z−1[F ] = {f ∈ C(X) : z(f) ∈ F} is an ideal of C(X).
For an ideal I of C(X), I ⊆ z−1[z[I]] always holds but the converse is not true in
general (See, [11]). Recall from [11] that an ideal I in C(X) is said to be a z-ideal
if I = z−1[z[I]], or equivalently, z(f) ∈ z[I] implies that f ∈ I. Note that every
z-ideal I of C(X) is a radical ideal, that is, I =
√
I.
Definition 3. ([11]) A z-filter F is called a prime z-filter if Z1 ∪ Z2 ∈ F for
some Z1, Z2 ∈ z(X) implies either Z1 ∈ F or Z2 ∈ F
Note that there is a correspondence between the prime z-filters and the prime
z-ideals in C(X) (See, [11]). Recently, the authors in [9], introduced the concept
of 2-absorbing z-filters and used them to study 2-absorbing ideals in C(X). Recall
from [9] that a z-filter F is called a 2-absorbing z-filter if Z1 ∪ Z2 ∪ Z3 ∈ F for
some Z1, Z2, Z3 ∈ z(X) implies either Z1 ∪ Z2 ∈ F or Z2 ∪ Z3 ∈ F or Z1 ∪ Z3F .
Note that every prime z-filter is clearly a 2-absorbing z–filter but the converse is
not true in general. For instance, in C(R), F = {Z ∈ z(R) : {0, π2 } ⊆ Z} is not a
prime z-filter because z(sinx)∪z(cosx) ∈ F but z(sinx), z(cos x) /∈ FAlso, one can
easily see that F is a 2-absorbing z-filter. The authors in [9] showed that if P is
a 2-absorbing ideal of C(X), then z[P ] is a 2-absorbing z-filter and also if F is a
2-absorbing z-filter, then z−1[F ] is a 2-absorbing z-ideal of C(X) (See, [9, Theorem
7]).
In this section, we investigate weakly 1-absorbing prime z-ideal, weakly prime
z-ideal in C(X). Darani in his paper [10], gave a generalization of prime z-filters to
study weakly prime ideals in C(X). Recall from [10] that a z-filter F is said to be
a weakly prime z-filter if X 6= Z1 ∪ Z2 ∈ F for some Z1, Z2 ∈ z(X) implies either
Z1 ∈ F or Z2 ∈ F .It is clear that every prime z-filter is a weakly prime z-filter.
But the following example shows that the converse need not be true.
Example 10. Consider the ring C(R) of all real valued continuous functions
on R. Let F = {R}. Then F is trivially weakly prime z-filter. Take the following
functions:
f(x) =
{− sinx ; x ∈ (−∞, 0)
0 ; x ∈ [0,∞) and g(x) =
{
0 ; x ∈ (−∞, 0)
sinx ; x ∈ [0,∞) .
Since 0 = f(x)g(x), we have z(fg) = z(f) ∪ z(g) = R ∈ F but Z(f) /∈ F and
Z(g) /∈ F . Thus F is not a prime z-filter.
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Darani showed that if P is weakly prime z-ideal of C(X), then z[P ] is a weakly
prime z-filter and also if F is weakly prime z-filter, then z−1[F ] is a weakly prime
z-ideal of C(X). Now, we will show that any weakly prime z-ideal and weakly 1-
absorbing z-ideals coincide in C(X). Now, we give the following Lemma which is
needed in the sequel.
Definition 4. Let F be a weakly prime z-filter which is not prime z-filter.
Then there exists Z1, Z2 ∈ z(X) such that Z1 ∪ Z2 = X but Z1 /∈ F and Z2 /∈ F .
In this case, we say (Z1, Z2) is a double of F .
Lemma 1. Suppose that F is a weakly prime z-filter which is not prime and
(Z1, Z2) is a double of F . Then {Z1} ∪ F = {X} = {Z2} ∪ F .
Proof. Assume that (Z1, Z2) is a double of F . Then Z1∪Z2 = X and Z1, Z2 /∈
F . Now, we will show that {Z1}∪F = {X}. Suppose that {Z1}∪F 6= {X}. Then
there exists Z ∈ F such that Z1 ∪ Z 6= X. Then note that Z1 ∪ (Z ∩ Z2) =
(Z1 ∪Z)∩ (Z1 ∪Z2) = (Z1 ∪Z)∩X = (Z1 ∪Z) ∈ F . Since F is a weakly prime z-
filter and X 6= Z1∪(Z∩Z2) ∈ F , we conclude either Z1 ∈ F or (Z∩Z2) ∈ F . Since
Z ∩ Z2 ⊆ Z2, we have either Z1 ∈ F or Z2 ∈ F which is contradiction. Thus
{Z1} ∪ F = {X}. Similar argument shows {Z2} ∪ F = {X}. 
Theorem 15. Every weakly prime z-filter F is either prime z-filter or F =
{X}.
Proof. Suppose that F is a weakly prime z-filter but not a prime z-filter.Now,
we will show that F = {X}. Suppose to the contrary. Then there existsX 6= Z ∈ F .
Since F is a weakly prime z-filter which is not a prime z-filter, there exists a double
(Z1, Z2) of F . By the previous lemma, we conclude that Z∪Z1 = Z∪Z2 = X. This
implies that X 6= Z = Z ∩X = Z ∩ (Z1 ∪ Z2) = (Z ∩ Z1) ∪ (Z ∩ Z2) ∈ F . Since
F is a weakly prime z-filter, we conclude that (Z ∩ Z1) ∈ F or (Z ∩ Z2) ∈ F , and
thus Z1 ∈ F or Z2 ∈ F which are contradictions. Hence F = {X}. 
Theorem 16. Suppose that P is a proper ideal of C(X) and F is a z-filter on
X. Then, we have the followings.
(i) If P is a weakly prime ideal of C(X), then z[P ] = {X} or z[P ] is a prime
z-filter on X.
(ii) If F is a weakly prime z-filter on X, then z−1[F ] is a prime z-ideal or
0 = z−1[F ].
Proof. (i): Suppose that P is a weakly prime ideal of C(X). Since C(X) is
reduced ring, P = 0 or P is a prime ideal of C(X). If P = 0, then z[P ] = {X}.
Now assume that P is a prime ideal of C(X). Since z−1[z[P ]] contains the prime
ideal P, z−1[z[P ]] is a prime z-ideal and so z[P ] is a prime z-filter on X by [11].
(ii): Suppose that F is a weakly prime z-filter on X. Then by Theorem 15, F
is either prime z-filter or F = {X}. If F = {X}, then 0 = z−1[F ]. So assume that
F is a prime z-filter. Then by [11], z−1[F ] is a prime z-ideal,as desired. 
Theorem 17. Suppose that P is a proper ideal of C(X). Then the following
statements hold.
(i) If P is a weakly 1-absorbing prime z-ideal, then z[P ] is a weakly prime
z-filter.
(ii) If F is a weakly prime z-filter on X, then z−1[F ] is a weakly 1-absorbing
prime z-ideal.
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(iii) P is a weakly 1-absorbing prime z-ideal if and only if P is a weakly prime
z-ideal if and only if either P = (0) or P is a prime z-ideal.
Proof. (i): Suppose that P is a weakly 1-absorbing prime z-ideal. Since P is
a z-ideal, we conclude that P =
√
P. As P is a weakly 1-absorbing prime ideal and
C(X) is a reduced ring, by Theorem 1, P is a weakly prime z-ideal of C(X). Then
by Theorem 16, we conclude that z[P ] is a weakly prime z-filter.
(ii): Suppose that F is a weakly prime z-filter on X. Then by Theorem 16,
z−1[F ] is a prime z-ideal or 0 = z−1[F ]. In both cases, z−1[F ] is a weakly 1-
absorbing prime z-ideal.
(iii): The implication P = (0) or P is a prime z-ideal ⇒ P is a weakly prime
z-ideal⇒ P is a weakly 1-absorbing prime z-ideal is clear. Now, let P be a weakly
1-absorbing prime z-ideal of C(X). Then by (i), z[P ] is a weakly prime z-filter.
Then z−1[z[P ]] = P is a prime z-ideal or P = (0) by Theorem 16. 
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